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Abstract
We examine an axion string coupled to a Majorana fermion. It is found
that there exist a Majorana-Weyl zero mode on the string. Due to the zero
mode, the axion strings obey non-abelian statistics.
Fermionic zero modes on topological defects often cause non-trivial phenomena
in relativistic quantum field theory. Some examples are fermion number fraction-
alization [1], baryon number violation in the standard model [2], superconductivity
on strings [3], monopole catalysis of proton decay [4, 5], and so on. Geometrical
relations between shapes of strings and fermion number violation due to zero modes
on the strings were investigated in Ref.[6]. In this paper, we will present a novel
phenomenon in relativistic quantum filed theory which comes from fermionic zero
modes. Fermionic zero modes cause non-abelian statistics of strings in two spatial
dimensions.
In two spatial dimensions, exotic generalizations of Fermi and Bose statistics are
possible. Wave functions in two spatial dimensions are representations of the braid
group under interchanges of identical particles. If the wave functions are vectors
and the representation is given by non-abelian matrices, the particle is said to obey
non-abelian statistics. A particular type of non-abelian statistics is realized by the
non-abelian vortices that occur in theories with spontaneously broken non-abelian
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2symmetries [7, 8, 9, 10]. Axion strings we examine here are excitations in a theory
with a spontaneously broken U(1) symmetry.
In condensed matter physics, excitations in the Moore-Read state in a fractional
quantum Hall system obey non-abelian statistics [11, 12, 13]. Non-abelian statistics
we will show here realizes this type of statistics in relativistic field theory. Although
the fractional quantum Hall system violates Parity and Time-reversal symmetries
in 1+2 dimensional quantum theory, our model given below does not violate them
in vacuum.
The system we consider is a Majorana fermion in 1+3 dimensions coupled to an
axion field. The Lagrangian is
L = i
2
ψ¯Mγ
µ∂µψM − 1
2
ψ¯M (Φ1 + iγ5Φ2)ψM, (1)
where ψM denotes the Majorana fermion, and a complex scalar filed Φ = Φ1 + iΦ2
with a non-zero vacuum expectation value |Φ| = Φ0 denotes the axion filed. Here
we use a convention ηµν = diag(+,−,−,−) and define γµ and γ5 as
γµ =
(
0 σµ
σ¯µ 0
)
, γ5 =
(
1 0
0 −1
)
, (2)
where σµ = (1,−σi), σ¯µ = (1, σi), and σi (i = 1, 2, 3) are the Pauli matrices. The
Majorana condition for ψM is given by iγ
2ψ∗M = ψM. This system has an axial U(1)
symmetry,
ψM → eiγ5θψM, Φ→ e−2iθΦ, (3)
which is spontaneously broken. As pi1(U(1)) = Z, there exists a topologically stable
string solution called axion string in the broken phase [14, 15]. The energy per unit
length of the axion string is logarithmically divergent, but, in the cosmologically
context, this divergence is naturally cut off by the separation between the strings
of opposite winding number or by the size of the string loop. In the following, we
treat only the straight strings parallel to the x3-axis and neglect the x3-dependence
of the system.
Let us first start with an axion string configuration given by
Φ = Φ0f(ρ)e
iφ, (4)
where ρ and φ are
x1 = ρ cosφ, x2 = ρ sinφ. (5)
The function f(ρ) vanishes on the core of the string, and approaches to f(∞) = 1
far away from the core. On the string, there exists one fermionic zero mode [14].
3The zero mode u0 satisfies the Dirac equation with zero energy,( −iσi∂i Φ∗
Φ iσi∂i
)
u0 = 0. (6)
The solution is given by
u0 = C


0
1 + i
1− i
0

 exp
[
−Φ0
∫ ρ
0
dσf(σ)
]
, (7)
where C is a constant. The phase of C can be chosen arbitrary so we take that C
is real so as to satisfy iγ2u∗0 = u0.
On the n strings configuration, there exist n fermionic zero modes [16]. When
the stings are well-separated, the axion filed is approximately given by
Φ = Φ0
n∏
i=1
f(ρ(x−Xi))ei
∑n
i=1
φ(x−Xi). (8)
Here Xi denotes the position of the i-th string, and ρ(x − Xi) and φ(x − Xi) are
given by
x1 −X1i = ρ(x−Xi) cosφ(x−Xi), x2 −X2i = ρ(x−Xi) sinφ(x−Xi). (9)
We choose φ so as to satisfy 0 ≤ φ < 2pi in the following. Noting that the axion
filed (8) near the i-th string reduces to (4) up to phase factors, we can write the
zero mode on the i-th string approximately,
u
(i)
0 (x) = e
−
iγ5
2
∑
j 6=i
φ(Xi−Xj)u0(x−Xi), (10)
where u0 in the right-hand side is the function (7). This mode u
(i)
0 also satisfies
iγ2u
(i)∗
0 = u
(i)
0 .
Now quantize the system of the n well-separated strings semi-classically. We
expand the Majorana filed ψM by the normalized energy eigenfunctions up which
satisfy
( −iσi∂i Φ∗
Φ iσi∂i
)
up = Epup, (11)
and ∫
dxu†p(x)up′(x) = δp,p′. (12)
4If up is a positive energy eigenfunction, then iγ
2u∗p becomes a negative energy eigen-
function with energy −Ep. So the Majorana field ψM is expanded as
ψM =
∑
Ep>0
bpupe
−iEpx0 +
∑
Ep>0
b†p(iγ
2u∗p)e
iEpx0 +
n∑
i=1
c
(i)
0 u
(i)
0 . (13)
Because of the Majorana condition iγ2ψ∗M = ψM, the coefficients of the negative
modes iγ2u∗p are hermitian conjugate of that of the positive modes. Also the same
condition implies that the coefficients of the zero modes satisfy the 1+1 dimensional
Majorana condition,
c
(i)
0 = c
(i)†
0 , (i = 1, · · · , n). (14)
Since fermionic zero modes on axion strings are 1+1 dimensional Weyl fermions [14],
the low energy effective theory of our model is written by Majorana-Weyl fermions
on the world sheets of the strings.
From the anti-commutation relations of ψM, we obtain
{bp, b†p′} = δp,p′, {bp, bp′} = 0, (15)
and
{c(i)0 , c(j)0 } = δi,j. (16)
The commutation relation of c
(i)
0 is the Clifford algebra of SO(n).
The lowest state of the n axion strings |X1, · · · , Xn〉 satisfies
bp|X1, · · · , Xn〉 = 0, (17)
since bp’s and b
†
p’s are the annihilation and creation operators of the states with
Ep > 0. But the action of c
(i)
0 to the lowest state is not determined from the
consideration of energy: The eigenfunctions given by Eq.(10) are not exact, but the
index theorem [16] implies that the energies are exactly zero. The only one can
make is that the states provide a representation of the algebra (16) [1].
The only irreducible representation of the Clifford algebra is the spinor repre-
sentation. When n = 2N , we introduce the following operators,
d
(I)
0 =
1√
2
(
c
(2I−1)
0 + ic
(2I)
0
)
, (I = 1, · · · , N), (18)
which satisfy
{d(I)0 , d(J)†0 } = δI,J , {d(I)0 , d(J)0 } = {d(I)†0 , d(J)†0 } = 0. (19)
5The spinor representation can be obtained by
d
(I)
0 |X1, · · · , Xn〉 = 0, (I = 1, · · · , N). (20)
When n = 2N + 1, in addition to Eq.(20), we impose that
c
(2N+1)
0 |X1, · · · , X2N+1〉 =
1√
2
|X1, · · · , X2N+1〉. (21)
This construction of the spinor representation is equivalent to the standard one in
which the Clifford algebra is given by the tensor products of the Pauli matrices:
c
(1)
0 =
1√
2
σ1 ⊗ σ3 ⊗ · · · ⊗ σ3,
c
(2)
0 =
1√
2
σ2 ⊗ σ3 ⊗ · · · ⊗ σ3,
...
c
(2I−1)
0 =
1√
2
1⊗ · · · ⊗ 1⊗ σ1 ⊗ σ3 ⊗ · · · ⊗ σ3,
c
(2I)
0 =
1√
2
1⊗ · · · ⊗ 1⊗ σ2 ⊗ σ3 ⊗ · · · ⊗ σ3,
...
c
(2N−1)
0 =
1√
2
1⊗ · · · ⊗ 1⊗ σ1,
c
(2N)
0 =
1√
2
1⊗ · · · ⊗ 1⊗ σ2,
c
(2N+1)
0 =
1√
2
σ3 ⊗ · · · ⊗ σ3, (22)
where c
(2I−1)
0 and c
(2I)
0 have I − 1 1’s to the left and N − I σ3’s to the right of σ1
and σ2, respectively. The state |X1, · · · , Xn〉 is
|X1, · · · , Xn〉 = |+〉 ⊗ · · · ⊗ |+〉 (23)
with σ3|±〉 = ±|±〉 in this tensor product representation.
To examine statistics of this system, we interchange the l-th string and the l+1-th
string adiabatically. Without loss of generality, we assume that 0 ≤ φ(Xl−Xl+1) < pi
in the following. We also assume that the strings are interchanged counterclockwise
with no other strings between them. (See Fig.1.) In this process, the axion filed Φ
starts at Eq.(8) and gradually changes then finally returns to the same value (8).
6l
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Figure 1: Interchange of the l-th string and the l + 1-th string.
Generally, the wave function up with Ep > 0 acquires the (non-abelian) Berry phase
γ in this process,
up →
∑
Ep′=Ep>0
(eiγ)p,p′up′. (24)
As bp is given by
bp =
∫
dxu†p(x)ψM(0, x), (25)
then
bp →
∑
Ep′=Ep
bp′(e
−iγ)p′,p. (26)
The annihilation operators bp’s do not transform to the creation operators b
†
p’s, so
Eq.(17) holds after the interchange.
For the zero modes, the transformation law under the interchange can be calcu-
lated explicitly from Eq.(10): The phases of the zero modes u
(l)
0 and u
(l+1)
0 transform
as
φ(Xl −Xl+1)→ φ(Xl+1 −Xl), φ(Xl+1 −Xl)→ φ(Xl −Xl+1) + 2pi, (27)
so we find
u
(l)
0 → u(l+1)0 , u(l+1)0 → −u(l)0 . (28)
Using the equations
c
(l)
0 =
∫
dxu
(l)†
0 (x)ψM(0, x), c
(l+1)
0 =
∫
dxu
(l+1)†
0 (x)ψM (0, x), (29)
7we obtain
c
(l)
0 → c(l+1)0 , c(l+1)0 → −c(l)0 . (30)
For i 6= l and l+1, the phase of the zero mode u(i)0 does not change by the interchange,
so u
(i)
0 transforms trivially
u
(i)
0 → u(i)0 , (i 6= l, l + 1), (31)
and
c
(i)
0 → c(i)0 , (i 6= l, l + 1). (32)
It is remarkable here that these transformation affects the condition on the state
|X1, · · · , Xn〉 given by Eq.(20). By an interchange of the 2I-th and the 2I + 1-th
strings, we find
d
(I)
0 =
1√
2
(
c
(2I−1)
0 + ic
(2I)
0
)
→ 1√
2
(
c
(2I−1)
0 + ic
(2I+1)
0
)
=
1
2
(
d
(I)
0 + d
(I)†
0 + id
(I+1)
0 + id
(I+1)†
0
)
, (33)
d
(I+1)
0 =
1√
2
(
c
(2I+1)
0 + ic
(2I+2)
0
)
→ 1√
2
(
−c(2I)0 + ic(2I+2)0
)
=
1
2
(
id
(I)
0 − id(I)†0 + d(I+1)0 − d(I+1)†0
)
. (34)
Thus the condition (20) is not satisfied after the interchanges. The state after the
interchange must vanish by the action of the right hand side of the above equations,
so we can write down the following transformation law,
|X1, · · · , Xn〉
→ e
iθ2I,2I+1
√
2
(
|X1, · · · , Xn〉 − id(I)†0 d(I+1)†0 |X1, · · · , Xn〉
)
, (35)
where θ2I,2I+1 is a real constant.
Non-abelian properties of the transformations above can be easily seen by con-
sidering an interchange of 2I-th and 2I + 1-th strings and that of 2I − 1-th and
2I-th strings simultaneously. By an interchange of 2I − 1-th and 2I-th strings, d(I)0
transforms as
d
(I)
0 =
1√
2
(
c
(2I−1)
0 + ic
(2I)
0
)
→ 1√
2
(
c
(2I)
0 − ic(2I−1)0
)
= −id(I)0 , (36)
8so the lowest state transforms as
|X1, · · · , Xn〉 → eiθ2I−1,2I |X1, · · · , Xn〉, (37)
where θ2I−1,2I is a real constant. Thus if we interchange 2I − 1-th and 2I-th strings
first then interchange 2I-th and 2I + 1-th strings, we obtain
|X1, · · · , Xn〉
→ e
iθ2I−1,2I+iθ2I,2I+1
√
2
(
|X1, · · · , Xn〉 − id(I)†0 d(I+1)†0 |X1, · · · , Xn〉
)
. (38)
On the other hand, if we interchange 2I-th and 2I+1-th strings first then interchange
2I − 1-th and 2I-th strings, we obtain
|X1, · · · , Xn〉
→ e
iθ2I−1,2I+iθ2I,2I+1
√
2
(
|X1, · · · , Xn〉+ d(I)†0 d(I+1)†0 |X1, · · · , Xn〉
)
. (39)
Therefore, the interchange of 2I − 1-th and 2I-th strings does not commute with
that of 2I-th and 2I + 1-th strings. The strings obeys non-abelian statistics.
The interchanges of the l-th and l + 1-th strings can be summarized by the
following unitary operator Tl:
Tl = e
iαl,l+1 · e−i
∑
Ep=Ep′
γp,p′bpb
†
p′ · eipi4Σl,l+1. (40)
Here Σl,l+1 = i[c
(l)
0 , c
(l+1)
0 ] is the generator of SO(n) rotation in l− (l+1) plane, and
αl,l+1 is a real constant. The operator O(= c(i)0 , bp) transforms as O → TlOT †l , and
the state | 〉 transforms as | 〉 → Tl| 〉. The interchange operator Tl is the same
as that of the spinor braiding statistics found in a fractional quantum Hall system
[12, 13] up to a phase factor and the massive mode contributions. It is easily shown
that Tl’s are generators of the braid group [17].
TlTmTl = TmTlTm, (|l −m| = 1), (41)
TlTm = TmTl, (|l −m| > 1). (42)
In the above, we have considered a model with a spontaneously broken global
U(1) symmetry (3), but a gauged version of our model is also possible. The
gauged U(1) symmetry appears to be anomalous when only the fermion spectrum
is considered, but the anomaly can be cancelled by introducing an additional anti-
symmetric field Bµν and using a variety of the Green-Schwartz mechanism [15].
This “anomalous” U(1) symmetry may arise naturally in superstring compactifica-
tion [18]. Strings in the gauged version of our model also obey non-abelian statistics
by the similar mechanism given above.
REFERENCES 9
It has been shown that unusual statistics is possible for string loops in 1+3
dimensions [19]. It is plausible that the axion strings we considered here realize this
statistics non-trivially.
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